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Abstract 

1/2 

Nonanalytic m q and m q In m q chiral corrections to the baryon magnetic moments 
are computed. The calculation includes contributions from both intermediate octet and 
decuplet baryon states. Unlike the one-loop contributions to the baryon axial currents 
and masses, the contribution from decuplet intermediate states does not partially cancel 

that from octet intermediate states. The fit to the observed magnetic moments including 

l li 

m q corrections is found to be much worse than the tree level SU(3) fit if values for 
the baryon-pion axial coupling constants obtained from a tree level extraction are used. 
Using the axial coupling constant values extracted at one loop results in a better fit to the 

magnetic moments than the tree level SU(3) fit. There are three linear relations amongst 

l li 

the magnetic moments when m q corrections are included, and one relation including 

1 /2 

m q , m q In m q and m q corrections. These relations are independent of the axial coupling 
constants of the baryons and agree well with experiment. 
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The baryon magnetic moments were first predicted theoretically on the basis of fla- 
vor SU(3) symmetry The Coleman- Glashow SU(3) relations yield the octet baryon 
magnetic moments in terms of two parameters. These relations are easily derived from the 
Lagrangian 

C = {\i D TvB v a^F^ {Q, B v } + \ip Tr B v a^F^ [Q, B v \) , (1) 

where the parameters hd,f multiply the two independent SU{3) invariants, is the 
nucleon mass, and 

/§ o 0\ 
Q= -J , (2) 
\o o -\) 

is the charge matrix for the three light quarks it, d and s. Calculation of the magnetic 
moments beyond tree approximation is possible in chiral perturbation theory 0. The 
leading corrections which occur at one loop have a non-analytic dependence on the light 
quark masses of the form ra^ 2 and m q lnm q . The m^ 2 and m q \nm q terms for the baryon 
magnetic moments are calculable since they are non-analytic in the quark masses [Q 0] and 
therefore can not arise from terms in the chiral Lagrangian with additional insertions of 
the quark mass matrix. The m q contribution HH and m q Yn.m q contribution from 
intermediate octet states have been computed previously. Recent work on baryon chiral 



perturbation theory |7|]-[pT| indicates that the spin-3/2 decuplet of baryons contributes 



significantly as an intermediate state in one-loop diagrams with octet baryon initial and 

l li 

final states. In this letter, we calculate the m q and m q lnm g contributions to the baryon 
magnetic moments including both intermediate octet and intermediate decuplet states. 
The chiral Lagrangian for baryon fields depends on the pseudoscalar pion octet 



1 

7T = — 

V2 



TV 



^0 2 



(3) 



which couples to the baryon matter fields through the vector and axial vector combinations 

v» = | (f t + £t 9 ^) 5 a» = \ (ea^e 1 - pd^g) , (4) 

where 

f = e l7T/f , £ = £ 2 = e 2in/f , (5) 
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and / ~ 93 MeV is the pion decay constant. Under SU(3)l x SU(3)r chiral symmetry, 

(6) 

B^UBU\ T» bc -> t/ a d [/ b e 17/ T&, , 

where £7 is defined by the transformation of £, and S and T M denote the baryon octet and 
decuplet fields, respectively. A consistent chiral derivative expansion for baryon fields [7| 
can be written in terms of velocity-dependent baryon fields, 

T£(x) =e imBpv ^T fl (x), 

(7) 

B v (x) = e imB ^ x B(x), 

where mg is the 577(3) invariant mass of the octet baryon multiplet. The lowest order 
chiral Lagrangian for octet and decuplet baryons is 

L° v = i TrB v (v -V)B V + 2DTrB v S^ {A^ B v } + 2FTrB v S% [A^ B v ] 

-iT^ v {vV) T Vfl + C (T^Bv + B V A^ + 2HT l ZS vu A»T vtM (8) 

+ 5T^T Vfl + ^Trd M £c^£ t , 

where the decuplet-octet mass difference 5 = tut — tub, and mr is the S77(3) invariant 
mass of the baryon decuplet. The vector combination of pion fields appears in Eq. (^) 
through the covariant derivatives 

V V B = d u B+[V u ,B] 

(9) 

wi^ = ptj^ + (na c + (vn d b T» dc + (vn d c T» bd . 

The axial vector pion couplings are described by four coupling constants _D,F, C and 7i. 
The octet and decuplet baryon propagators obtained from this Lagrangian are i/(v ■ k) 
and iP£ v / (v ■ k — 5), where 

pr = = ^ - an - isitsz. (io) 

i 

is a polarization projector for the spin-3/2 Rarita-Schwinger decuplet field. The decuplet 
field satisfies the constraint v ■ T = 0. 

The calculation of the baryon magnetic moments involves electromagnetic couplings. 
Electromagnetism is incorporated into Lagrangian by making the following substitu- 
tions, 

V » _> V» + UeA" ($Q£ + £Q?) , 

(11) 



and 

<9 M £ — > V^Yi = <9 M £ + ieAfj,[Q, E] , (12) 

where *4. M is the photon field. The octet baryon magnetic moment Lagrangian is given in 
Eq. ([!]); the full chiral structure of the operator is given by the replacement 

Q^hitQtf + tfQZ)- (13) 

The one loop corrections also involve the decuplet magnetic moment and the decuplet- 
octet transition magnetic moment. There is only one 577(3) invariant in the tensor prod- 
uct 10 (g) 10 (g) 8, which can be chosen to be proportional to the charge, so the decuplet 
magnetic moment operator can be written in the form 

£ = -i—Vc Qi T ii vi T^F^, (14) 
m n 

where qi is the charge of the z th element of the decuplet, and the operator is normalized 
so that the magnetic moment of the i th state is qi^c nuclear magnetons. The measured 
value of the 0~ magnetic moment [[12] determines \ic = 1-94 ± 0.22. The octet-decuplet 



transition magnetic moment operator has the form [13 



where i, j, k, I, m are SU (3) flavor indices. The octet-decuplet transition electric quadrupole 
moment operator has an additional derivative, and therefore is higher order in the chiral 
expansion. The Lagrangian Eq. (|15|) implies that the A — > N'j helicity amplitudes A s / 2 
and Ax 1 2 are in the ratio : 1, in good agreement with experiment |T1] [13]. The measured 
values of the helicity amplitudes determine fir = —7.7 ± 0.5. 

In addition to the electromagnetic couplings, the calculation of the magnetic moments 
to nonleading order requires the introduction of SU(3) breaking through the quark mass 
matrix A4 = diag (m u , m^, m s ). At leading order in the quark mass expansion, the pseudo- 
Goldstone bosons acquire non-vanishing masses and the 577(3) baryon multiplets are no 
longer degenerate. 

The calculation of the baryon magnetic moments presented here includes the tree- 
level Coleman-Glashow formulae and the leading non-analytic correction arising from the 



diagrams displayed in fig. |T| and fig. |2].0 The magnetic moments (in units of nuclear 
magnetons) can be written in the form 



V- r,{x)M x m N s-^ ,n'{x)rn N 

X = 7T,K J X=TT,K J 

+ £ 5 ^ 7 5(T, W -2A! X) a i )A/il„Mi/^, 

X=ir,K,ri J 



(16) 



where ati are the tree-level predictions derived from Lagrangian (|T|), I3^ ,K ^ and 13^'^ are 
the contributions from pion and kaon loops from fig. [I] with intermediate octet and decuplet 
states respectively, ^^^^ are the contributions from pion, kaon and rj loops from fig. [|, 
and Aj is the wavefunction renormalization contribution. 77 loops do not contribute to the 
diagrams of fig. [I] since the 77 is neutral. The scale fx is an arbitrary renormalization scale, 

and is chosen to be fx ~ 1 GeV. The chiral coefficients ati, j3\ X \ (3^ X \ 7j- X \ and A^ 

• 1/2 
are listed in Appendix A. The pion contribution to the m q terms is comparable to the 

kaon contribution, and cannot be neglected. The pion mass is not large compared with the 

A — N mass difference 5, so the full dependence of the Feynman graph on the ratio 

must be retained. This dependence is described by the function F(Mx, 5, /j), which is given 

explicitly in the appendix. The function F is normalized so that F(Mx, 0, fi) = Mj. The 

dependence of F on the renormalization scale fx is of the form 51n/j 2 . The fx dependence 

of the (3 terms in Eq. (|16[) is compensated by the 11 dependence of the m q independent 

a terms.i The fi dependence of the m q In m q terms in Eq. (^6|) is canceled by the fx 

dependence of local counterterms. These counterterms are the most general invariants 

that can be constructed out of B, B, M and QF^ V which are linearly independent and 

preserve parity and time-reversal invariance, 

C =F^(c 1 TtBMQo^B + c 2 TiBQa^BM + c 3 Tr Ba^BMQ 

+ C4 Tr B~Mo^ v BQ + C5 Tr 'Ba^B Tr MQ (17) 

+ c 6 Tr M Tr BQa^B + c 7 Tr M Tr Bo^BQ) . 



1 There are also graphs which involve the BBirA^ vertex arising from the Q terms in Eq. (11). 
These graphs do not contribute to the magnetic moments. 

2 The fx dependence of the j3 terms can only be absorbed into the a terms if the 8 dependence 
of both the pion and kaon loops is retained, since 5 is an SU (3) singlet mass parameter. The mass 



difference 8 also affects the m q lnm q terms in Eq. (p^q). However, for these terms, the pion loop 
contributions are negligible relative to the kaon and eta contributions, so we have chosen not to 
compute the analogous function, and have combined the octet and decuplet contributions into a 
single coefficient. 
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The counterterm with flavor structure Tr BQ Tr BM + Tr BM Tr BQ is a linear combina- 
tion of the counterterms in Eq. ( |TT| ) , and the counterterm i(Tr BQ Tr BM— Tr BM Tr BQ) 
violates time-reversal invariance. 

The theoretical computation can now be compared with experiment. There are seven 
octet magnetic moments as well as the E° — > A7 transition magnetic moment which are 
measured experimentally. (The S° magnetic moment has not been measured.) The well- 
known SU(3) symmetric fit to the data is obtained by using only the tree level ai terms in 
Eq. (|I6|), and has an average deviation between the theoretical and experimental numbers 
of 0.25 nuclear magnetons. There are eight experimentally measured magnetic moments, 
and two parameters \id and ftp, which leads to the six linear relations found by Coleman 
and Glashow |]J 

= \i v (2.42 ± 0.05 = 2.79), + [i n = ~n P (-3.07 ± 0.03 = -2.79), 

2/Ua = [i n (-1-23 ± 0.01 = -1.91), /i H - = At£- (-0.65 = -1.16 ± 0.03), (18) 
fi E o = /i n (-1.25 ± 0.01 = -1.91), 2^ AE o = -v^/Un (3.22 ± 0.16 = 3.31), 

where the relations are written so that all terms in a given relation have the same sign. The 
experimental numbers for each relation are given in parentheses, and have been rounded 
off to two decimal digits. 

1 II 

The m q correction is more important than the m q \nm q contribution and the seven 
0(m q ) counterterms. We therefore first discuss the theoretical predictions including only 

1 /2 

the m q corrections, which have the same two unknown parameters \id and \if as the 
tree level predictions. There are three relations between the magnetic moments which are 

1 /2 

valid to 0{m q ), irrespective of the baryon-pion axial coupling constants. These relations, 
linear combinations of the six relations of Eq. (|18[) valid at tree level, were noted by Caldi 
and Pagels [0 and are also valid when decuplet graphs are included: 

^+ = -2fx A - // s - (2.42 ± 0.05 = 2.39 ± 0.03), 

fi E o + n 3 - +/j, n = 2[i A - [i p (-3.81 ± 0.0 = -4.02 ± 0.01), (19) 
^ A - v^aso = n s o + fi n (-3.40 ± 0.14 = -3.16 ± 0.01). 

The experimental values are shown in parentheses. These relations are in good agreement 
with experiment, and work much better than the tree level relations Eq. (|T8|). The remain- 
ing three relations are predictions for the deviation from any three of the Coleman-Glashow 

6 



relations, e.g. 
A»p-A»e+ =0.37 ±0.05 



m N 

2 



[{\D 2 + 2DF - F 2 ) (M K - M w ) + ^C 2 (F (M K , 5, fi) — F (M,, 5, /x))] 



8tt/ 

/Us- - Me- =0.51 ±0.03 = 

0_ [(_ i £>2 + IDF + F 2 ) (M K - M w ) + ^C 2 (F (M K , 6,fi)-F (M,, 5, //))] , (20) 

^go -// n = 0.66 ±0.01 = 

m N 



8tt.; 



[(2D 2 + 2F 2 ) (M K - M w ) + \C 2 (F (Mk, 6,h)-F (M w , 5, //))] 



The numerical values in Eq. fl2~0|) are taken from experiment. The relations Eq. (p0[) are 
independent of the renormalization scale /i, which cancels in the difference F(Mk, 5, fi) — 
F(M n , S, /i). The theoretical predictions using the tree level values for the axial couplings! 
do not agree at all with the experimental data. The theoretical values for the relations in 
Eq. (|20D are 1.79, 1.30, and 2.94 nuclear magnetons respectively, which are much larger 
than the experimental numbers. A least squares fit to the eight experimentally measured 

1/2 

moments including m q corrections has an average deviation of 0.8 nuclear magnetons, 
which is more than three times larger than the tree level fit. 

Naively, one might conclude that the reason for this failure is that the K mass is too 
large for chiral perturbation theory to be valid and K meson loops should be omitted, 
or that intermediate decuplet states should not be included in chiral perturbation theory. 
Neither of these two conclusions is substantiated by the data. One can repeat the fit 
using Eq. (|i~6|) without including the decuplet contributions and the fit to experiment 
is still much worse than the tree level fit, the average deviation from experiment being 
0.7 nuclear magnetons. One can also repeat the fits dropping the K loops completely 
and retaining only the pion loops; the average deviation from experiment is 0.7 nuclear 
magnetons if the decuplet is included, and 0.6 nuclear magnetons if it is omitted. All of 
these fits are much worse than the tree level fit, which has neither pion nor kaon loops. 
The pion mass is small enough that chiral perturbation theory in the pion mass is valid, 
so there is no theoretical reason why pion loops should be dropped from the calculation. 
Pion loop contributions alone are in serious disagreement with experiment. 



We believe that the reason for the disagreement is that the formula Eq. (16) over- 



estimates the size of kaon loops. The suppression of kaon loops in chiral perturbation 



We have used the best fit values F = 0.47 and D = 0.81 from [16] and C = —1.53 from 
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theory has been discussed before by Gasser and Leutwyler ||. They have suggested a 
method for evaluating loop graphs that suppresses kaon loops, which they call improved 
chiral perturbation theory (ICPT). There is some empirical evidence that kaon loops are 
suppressed. Loop corrections to the baryon masses and hyperon non-leptonic decays 
work well if the one-loop corrected values for the axial vector coupling constants 0] (which 
are smaller than the tree level values) are used. A similar result is found for the nucleon 
polarizability [fT0|- The one-loop couplings D, F, and C are proportional to, but smaller 



than, their tree level values. Another well known effect which also suppresses kaon loops 
is that fx = l-Zfn- We have therefore computed the results using the central values for 
the axial couplings extracted at one loop D = 0.61, F = 0.4 and C = —1.2 given in and 
||13|| , and fx = ^--^fir- The deviations from the Coleman-Glashow relations are now 0.59, 
0.50 and 1.0 nuclear magnetons, and are much closer to the experimental values. One can 
also do a least squares fit to the data, which has the same two unknown parameters as the 
tree level fit. The average deviation is 0.11 nuclear magnetons, about half that of the tree 
level fit. 

Finally, one can include the m q \nm q contributions to the baryon magnetic moments. 
Since In M K / \j? is not very big, the m q In m q terms are not expected to be significantly 
enhanced relative to the counterterms in Eq. (|I7|), so we will include the counterterms 
in the theoretical predictions. There are seven unknown counterterm coefficients C1-C7, 
as well as the two tree level parameters /id and \xp- The c& and C7 counterterms have 
the same vector SU(3) structure as the lowest order terms, so there are effectively seven 
independent operators, and there exists one linear relation amongst the baryon magnetic 

1 /2 

moments which is valid including all terms of order m q , m q \nm q and m q , 

6/Ua + /J E - - 4v / 3 / uaeo = 4^/ n - /z E + + 4^ s o (-15.99 ± 0.56 = -15.07 ± 0.08) (21) 



which agrees well with experiment. In addition to the relations of Eqs. (pT8|) — (pT|) , there is 
also the SU (2) relation 

/«e+ + A*e- = 2/U E o, (22) 
which cannot be tested because the E° magnetic moment has not been measured. 

1/2 

In conclusion, we have calculated the nonanalytic contributions proportional to m q 
and m q In m q to the baryon magnetic moments in chiral perturbation theory. We find that 

1 /2 

the one-loop fit to the data with the m q corrections is much worse than the tree-level 
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result if the tree level axial couplings are used, but is better than the tree level result if the 
one loop axial couplings are used. This suggests that kaon loop graphs are overestimated 
in chiral perturbation theory when the tree-level couplings are used at the vertices. Unlike 
the cases of the baryon axial couplings and masses || , including virtual baryon decuplet 
states does not give appreciably better agreement with the data. Relations amongst the 
magnetic moments which are independent of the axial couplings are found to be in good 
agreement with experiment. 
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Appendix A. Chiral Coefficients 

The tree level coefficients are: 

ot n = -\\x D , a s o = |/x_o, a E - = ^fx D - fi F , (A.l) 

= \hdi as- = §Rd - "ae° = 75^£>- 

The one-loop coefficients and from the graphs in fig. [j](a) and (b) are: 



= -(Z) + F) 2 , 




-§L> 2 -2F 2 , 


4? = —(D - F) 2 


= ( J D + F) 2 , 




0, 


4° = (D - F) 2 , 


= 0, 


4*-' = 


§L> 2 + 2F 2 , 


^AE° — 73-^^' 


fl'00 _ _2 r 2 
9 ' 

fl'OO _ 2/72 

4 W = o, 


4? 

4<!> 


1 /72 

= o, 

1 nl 
~ 18 1 " ' 


ft' ( 7r ) _ 1^2 
— 9 ' 

4 ( - } = -¥ 2 , 

fl'W 1 A- 2 
AE° - 3 V3 ' 



for the pion loops, and 



tip 


= 

3^ 


- 2F 2 , 


4? 


= -(D + F) 2 


4o } 


= (D + F) 2 , 




= ~(D- 






= -IDF, 


4 K) 


= Id 2 + 2F 


4 K) 


= IDF, 




4° 


= {D-F)\ 


/3 (K) 


— — — DF 




4 W = 


1 r>2 
18 U ' 


4 ( + K) 


2/72 
— gL- 5 


& = 


2/72 
9 U ' 




4 W = 


l/?2 
9 U ' 


a' (K) 


1/72 

— 6 L- 7 


4 (K) = 


1 /72 

18 U ' 




ti K) = 


1/72 

6 U ' 




1/72 

— gL- ) 


A^AE — 


1 /72 



for the graphs with kaon loops. The function F(M, 5, n) is 



? - tan" 1 



5 < M, 



(A.2) 



(A.3) 



(A.4) 



(A.5) 



-5\nM 2 /y 2 + 2VM^P , ..... 

ttF(M,^) = <( L V J (A.6) 

-<HnM 2 /^ 2 + y/P-NPhx 5 S -^Z^ 5 > M. 

The wavefunction renormalization coefficients are SU(2) invariant, and the values for the 
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different SU{2) multiplets are: 





UD + F) 2 + 2C 2 


A E 


= D 2 + 6F 2 + \C 2 

o 


Aa(tt) 


= 3D 2 + \C 2 


a<t> 


= | (jD _ F) 2 + 1 C 2 


A N ~ 


-- \D 2 — 3DF + |F 2 + \C 2 


A E 


= 3D 2 + 3F 2 + \C 2 


A A - 


-- D 2 + 9F 2 + C 2 




= \D 2 + 3DF + |F 2 + |C 


T (r?) 
N — 


\{D-3F) 2 


A E 


= D 2 + ±C 2 


■viv) 
A A — 


D 2 




= \{D + 3F) 2 + \C 2 



(A.7) 



The wavefunction renormalization coefficients for the transition magnetic moment are 



Aae° = ^(Aa + A e ), for X = 7r, -ftT, 77. The coefficients 7^ evaluated from the graphs 
in fig. ^| are: 



-Hd - y. F + \{D + F) 2 {^ D - y. F ) - §C 2 ii c + %C{D + F)nr, 
-{D + Ff^ip + ^C 2 ix c - %C{B + F)/xr, 
-\p.D ~ §£>Vd - \CDht, 

-fi D -hf+ 1{D 2 + 6DF - 6F 2 )n D - 2F 2 hf - $C 2 nc + \C{D + 3F)^ T 
-fi D + 1{D 2 - 6F 2 )vd + fCi^T, 

-Hd + + U° 2 - 6DF - 6i?2 )^ + 2FV + ^fC 2 fi c + iC(F - D)fjLr, 
(D - F) 2 ti F + ^C 2 vc + %C{F - D)fi T , 

-fi D +fi F + U D - f ) 2 (»d + M + ^fC 2 fi C + |C(F - D)n T , 
7ae« = + ^r 3 D(6F^F - D^ D ) - ^jf 2 ii c + ^C(D + 6F)^ T , 



ip 

1 n 
— f 7T 

Ta 

_(tt 

7eh 

_(tt 
7e° 

_(tt 

7e- 

_(tt 

7=o 

_(tt 

7= 



(A.8) 
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for the pion loops, 

f ) = -Hd -»f + {~\D 2 + 2DF - F 2 )^ D — (D — Ffn F - ±C 2 fi C 

+ |C(3D - F)pr, 
7(f) = (-ID 2 + %DF + F 2 )^ D + (D — F) 2 hf + 4?C 2 VC - I CF^t, 
lf ] = -k»D + (ID 2 + F 2 )ii D - 2DFfi F + lC 2 ii C + \C(F> - 3F)^ T , 
7^ = -fi D -Vf + (\D 2 + 2DF + \F 2 )^ D — (D — F) 2 fi F - §C 2 fi c + §CD/x T , 
iff = -»d + (ID 2 + \F 2 )^ D + 2DFfi F - %C 2 v>c + %C(D + F)^ T , 
iff = -fiD + + (\D 2 - 2DF + ±F 2 )fi D + (D + F) 2 ^ F + §C 2 /j c 

+ IC(F-D)ll t , 

iff = (-ID 2 - \DF + F 2 )^ D — (D + F) 2 hf + ffC 2 fi C - IC(D + 2F)fi T , 
iff = -fiD + VF + (~lD 2 - 2DF - F 2 )fi D + (D + F) 2 ii F + ±fC 2 /xc+ 
%C(F-D)pr, 

iff, = -^d + ^(D 2 - 3F 2 W + -^=DFfi F - ^C 2 » c + ^C(2D + SF)» T , 

(A.9) 

for the kaon loops, and 

7?) = J(D-3F)Vd, 
7™ = §£>Vd, 

7e1 = -%D 2 (vd + Sfir) - |CVc + ICDftT, 

7eo = -3D 2 (i D + ICDfi T , (A.10) 

7e- = -1>D 2 (ij d - S/jl f ) + IC 2 /jc, 

7S? = \{D + 3F) 2 fi D - \C(D + 3F)^ T , 

7s- =~M D + 3i? ) 2 (^ " 3/xf) + |CVc, 
7So = j^V* + ^CD^ T , 

for the 77 loops. All the loop coefficients include contributions from intermediate octet and 
decuplet states. The values of the coefficients neglecting all decuplet contributions are 
obtained trivially by setting C = 0. 
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Figure Captions 



Fig. 1. Diagrams which produce the non-analytic m q contribution to the baryon mag- 
netic moments. Dashed lines denote pions; single and double solid lines denote 
octet and decuplet baryons, respectively. 

Fig. 2. Diagrams which produce the non-analytic m q lnm q contribution to the baryon 
magnetic moments (excluding the wavefunction renormalization graphs) . Dashed 
lines denote pions; single and double solid lines denote octet and decuplet baryons, 
respectively. The photon vertices in (a) and (b) are from the octet baryon mo- 
ment, in (c) from the decuplet magnetic moment, and in (d) and (e) from the 
decup let-octet transition magnetic moment. 
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